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A theory is developed for analysing the inviscid interpenetration of two streams.
It is assumed that the difference in total pressure between the streams is not
large. Several examples of the general results are presented.

1. Introduction

The fluid mechanics of the interpenetration of moving streams are by no means
fully understood. Some insight into this phenomenon can be gained by con-
sidering two-dimensional inviscid incompressible flows since such flows are
frequently simple enough to be amenable to mathematical analysis. But rela-
tively few analyses of this type have actually been performed. This is due, at
least partially, to the fact that they often involve the solution of nonlinear
problems in which the shapes of the boundaries are unknown. Fortunately, the
classical theory of inviscid flows can be used to obtain solutions for the special
case where the total pressures of the streams are equal. Such flows were discussed
by Ehrich (1953) and by Woods (1956).

There is another limiting case, called the ‘strong jet approximation’, in which
the analysis can be considerably simplified. This is the case where the total
pressure in the injected stream is very much larger than that in the mainstream.}
An analysis of this type of jet was first carried out by Taylor (1954), who obtained
an analytical solution by introducing an additional approximation. This approxi-
mation was removed by Ackerberg & Pal (1968), who used a variational principle
to obtain numerical solutions.

In this paper we shall analyse the opposite limit, wherein the difference in total
pressure between the two streams is relatively small. We consider a stream dis-
charging from a nozzle or reservoir into a partially moving and partially
stationary environment in such & way that where the two streams first interact
the flows leave the solid boundaries in a tangential direction (figure 1).f A stagna-
tion region with an accompanying free streamline may or may not be present.
The flow will be assumed to be two-dimensional, inviscid and incompressible.

t A linearized version of the strong jet approximation was used by Spence (1956) to
analyse the jet flap.

1 This condition serves to eliminate stagnation points where the streamline slope can

change discontinuously as the difference in total pressure between the streams becomes
non-zero.
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Ficure 1. Interpenetrating streams.

The velocity will, in general, not be continuous across the streamline or stream-
lines (denoted by 8 in figure 1) separating the two streams.

The problem is solved by expanding in a small parameter which is related to
the difference in total pressure between the streams.t The zeroth-order solution
corresponds to equal total pressures and can be obtained by classical methods
such as the Helmholtz—Kirchhoff technique. Since the boundary shapes for the
first-order (different total pressures) problem are unknown, a technique similar
to that employed in thin-airfoil theory is used to transfer the first-order boundary
conditions to the zeroth-order boundary. The transformed problem still involves
a combination of boundary and jump conditions which cannot be handled by
ordinary techniques. In order to overcome this difficulty we develop a procedure
which transforms the problem into one which can be solved by standard tech-
niques of the theory of sectionally analytic functions.} This procedure consists
of introducing a new dependent variable which satisfies only jump and symmetry
conditions on the boundaries rather than the combination of jump and boundary
conditions which is imposed on the physical variables.

The general problem is formulated in §2 and the asymptotic expansions are
performed in §3. The zeroth- and first-order boundary conditions are deduced in
§§4 and 5, respectively. Solutions are then developed for flows both with and (§6)
and without (§7) free streamlines. In §8 the general theory is applied to several
specific flow configurations.

Although it is assumed herein that the interacting streams are of equal density,
the theory can easily be generalized to include streams of unequal (but constant)
density (Goldstein & Braun 1969a).

2. Formulation and boundary conditions

It will be assumed that the flow is inviscid, incompressible and irrota-
tional. A typical flow configuration is illustrated in figure 1. The analysis is
limited to the case in which the difference between the total pressure P in the

T The discontinuous change in stream slope which would oceur if the tangency condition
were not imposed at the confluence of the streams would cause this expansion to become
non-uniformly valid at this point and it would then be necessary to use the method of
matched asymptotic expansions to complete the solution.

i A sectionally analytic function is one which is analytic in the entire complex plane
except on a given curve across which its value changes discontinuously (jumps) (Musk-
helishvili 1953, § 15).
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stream} emanating from the nozzle or reservoir and the total pressure P, in the
mainstream is not too large; or more specifically, to the case in which

|B;— P3PV = le] < 1, (1)

where p is the density of the fluid and V,, is the velocity of the mainstream at
infinity. We let L denote a convenient reference length, which will be specified in
the course of the analysis. All lengths are made dimensionless using L (i.e.
x=X|L, y=Y|L and k = H|L) and the complex variable z is defined by
z = z +ty. The quantities » and » denote the x and y components of the velocity
non-dimensionalized by V,, and the dimensionless complex-conjugate velocity §
is defined, as usual, by { = «—1v.

The stream of fluid issuing from the nozzle (reservoir) meets the mainstream
and forms a common streamline which is denoted by 8. Points on this streamline
will be denoted by 25 = a° +4y5. In order to satisfy the requirement that there
be no discontinuities in the static pressure p(z, y) anywhere within the flow field,
it is necessary (as will be shown subsequently) to allow the velocity to be dis-
continuous across S. For this reason the streamline S will be called the slip line.
The region occupied by the injected stream is denoted by D+ and the remaining
region of the flow (i.e. the mainstream) by D~. Since the velocity is discontinuous
across §, it is convenient to use the superscripts + to distinguish between these

regions. Thus, ¢(z) = CHz), ze Dt
Then &+ is holomorphic in the interior of D+ and ¢~ is holomorphicin the interior
of D-.

The following argument will show that the velocity must be discontinuous

across S. Bernoulli’s equation, when applied to the flow within the injected
stream, shows that

P YEeVe+IE @) = Bj3pVs, zeDt, (2)
and when applied to the flow external to the jet, that
2@, EpVe+1 ()P = Po[tpV%, zeD-. (3)

But, since S is a common streamline of the external and internal flow, and since
the static pressure cannot be discontinuous across this line, it follows from (2)

and (3) that 1) 2= £ ()2 = (B~ Po)[3p V2 =€ (4)
at every point 25 of §.

Itis convenient in the analysis which follows to replace the complex-conjugate
velocity ¢ by the variable , which is related to it by

£+ = exp Q. (5)
Then the ‘jump’ condition (4) becomes
lexp Q+|2—|exp Q|2 =¢ for zeSl. (6)

Moreover, since the velocities inside and outside the jet must have a common
direction at each point of 8, it follows that

ImQ+=Im O~ for zeS8. (7)

+ Which is assumed for definiteness to be of finite width at downstream infinity.
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Since there is no flow in the stagnation region (if such a region is present), it is
clear that the static pressure along the free streamline F is constant and equal
to the pressure in this region. Furthermore, very far downstream the velocities
of the mainstream and injected stream become uniform, and as a consequence
the pressure in the stagnation region must be equal to the pressure p, of the
mainstream at infinity. Hence, (2) and (5) show that for any point on F

lexp Qt|2 = %JpVi, =1+~ 172 =1+%’pV1 =1+¢, z€F. (8)

We can ensure that F will be a streamline by setting the cross-product of the
velocity and a differential of arc equal to zero to obtain

Im {exp [Q*(2F)]dz"} = 0. (9)

The conditions imposed on the velocity at infinity are

exp [Q+(z)] >constant as 2z-—>o00 in the reservoir or nozzle (10)
and Q- (z)>0 as 2z-—>oo in the mainstream. (11)

On solid boundaries the slope of the velocity £+ equals the slope m of the wall,

so that
Im Q*(z) = —tan—1m(z) for z on a solid boundary. (12)

These conditions are sufficient to determine the solution completely, provided it
exists.t

3. Asymptotic expansions

We assume that the functions Q+ can be expanded in asymptotic power series
in €. Then, in view of the fact that the shapes of the slip line and of the free stream-
line depend on ¢, these expansions imply that the co-ordinates 25 and zF of
S and F, respectively, and the asymptotic width % of the injected stream also
possess such expansions. Hence

Qf = Qy+€Qf ..., zs=zos+6zf+...,} 13)
P =2 vel +..., h=hy+eh+....

The reason for omitting the superscripts + on the zeroth-order terms of the
expansions for QO is that the continuity of these terms across S (which we shall
establish subsequently) ensures that there will be a single function €, which is
holomorphic in the entire flow field.

The reference length L will now be chosen to make A, = 1, which means that
L is the zeroth-order asymptotic thickness of the injected stream. This is denoted
symbolically by putting

L=H, (14)
The last expansion in (13) is then

h=1+eh+.... (15)

t A reviewer has pointed out that the boundary-value problems for certain containing
flows do not always possess solutions.
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4. Zeroth-order solution

When the expansions (13) are substituted into the boundary conditions (6)—(12)
and only the zeroth-order terms are retained, the following boundary conditions
for the zeroth-order solution are obtained. First, boundary conditions (6) and (7)
show (as has already been anticipated) that the zeroth-order solution must be
continuous across the slip line and hence that it is characterized by a function
which is holomorphic everywhere within the flow field. The remaining conditions
show that

|ole) | = 1, Tm{Ly(ad) dof} = 0, (16, b)

Im Q(z) = —tan—1m(z) for z on solid boundaries, (16¢)
{y(z) = constant as z—>o00 in the reservoir or nozzle, (16d)
Q4z) =0 as 2—o00in the mainstream, (16 ¢)

where we have put {(z) = exp [Qy(2)].

Now the boundary-value problem posed by the boundary conditions (16),
whether or not it involves a free streamline, can in principle be solved by classical
methods such as the Helmholtz—Kirchhoff technique (see, for example, Birkhoff
& Zarantonello 1957, chap. V). This is often accomplished by mapping the hodo-
graph plane and the complex potential plane into the upper half of an inter-
mediate 7' plane in such a way that the free streamlines and solid boundaries map
onto the real axis (figure 2). We shall denote the real and imaginary parts of the
variable T by £ and 7, respectively. We let Z; denote the region of the 7' plane
into which the zeroth-order injected stream maps and 2 denote the region of
the 7' plane into which the zeroth-order mainstream maps. The dividing line
between these two regions (which is called for convenience the zeroth-order slip
line even though no slip occurs in the zeroth-order solution) is denoted by %.
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Ficure 3. Comparison of zeroth-order and true boundaries in the physical plane.

5. Formulation of first-order problem in physical plane

The mapping 7' -z introduced in the preceding section transforms the upper
half 7' plane approximately into the region of flow in the physical plane. The
domain 2 is mapped into the cross-hatched region shown in figure 3. The curve
&, and the line segment ZC are mapped into the dashed boundaries §, and F,
respectively. This region, of course, differs from the true interior of the jet, whose
boundaries § and F are indicated by the solid lines in the figure.

The boundary conditions (6)-(9) are specified on the curves § and F. Although
the shapes of these curves are not known at this stage of the solution, they can
differ from those of S, and F, (which are known) by quantities which are at most
of order €. Since, as far as the first-order solution is concerned, the boundary con-
ditions only have to be satisfied up to and including terms of order e, we shall
attempt to transfer the boundary conditions correct to terms of order e from
S and F to S, and F, respectively. To this end recall that the solution has been
divided into two parts (indicated by the superseripts +), one of which is holo-
morphic in D+, the other being holomorphic in D—. We shall assume where neces-
sary (as is done in thin-airfoil theory) that each of these portions of the solution
can be analytically continued across § and F to S, and F, respectively. Thus the
values of Q* at a point 25 of § can be expressed in terms of their values at the
neighbouring point z5 of 8, by performing a Taylor series expansionf about z5.
Of course, similar remarks apply to F. Hence

QF(25) = Qx(z5) + (in/dz)z=zg(zS——zOS)+ e
QF(2F) = QF(2f) + (dQF[da),_op(2" —2f) + ...

Substituting the asymptotic expansions (13) into these series and retaining
terms O(e) shows that

Q%) = Qoz5) + e[ Qi (25) + (dQ/d2),—;570] + O(€?), (17)
() = Qo(af) + e[ Qf () + (AQ0/d2) . pp 20 ] + O(€?). (18)

By substituting these expressions into the boundary conditions (6)-(9) and
neglecting terms O(¢?) we can find the boundary conditions which the first-order

That is, QF can, if necessary be analytically continued to 25,
Y Yy y 0)
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solutions must satisfy on the known boundaries S, and F,. Thus conditions (6)
and (7) show that on the slip line

Re [Qff (25) — Qr (25)1=28y(25)| 2 (19)
and Im Qf (2§) = Im Q (25), (20)
while (8) and (9) show that on the free streamline
Re [Qf () + (dQ0/d2),—p 2] = § (21)
dz¥ dQ dz¥
and I 6e8) {75+ | Q10 + (7;) £ | )| - o (22)

where d/dS§ denotes differentiation with respect to distance along the zeroth-
order free streamline. Equations (19)-(22) are the boundary conditions for the
first-order solutions ‘ transferred’ from the boundaries S and F to the zeroth-order
boundaries S, and Fj, and hence the first-order boundary-value problem has been
transformed from one in which the shapes of the boundaries are unknown to one
in which they are known.
Equations (19) and (20) can be combined to give the following single slip-line
boundary condition:
Of () — Qi (25) = 2|6, (23)

The variable I can be eliminated between conditions (21) and (22) to yield
a single boundary condition for Qi on F,. To this end we first note that for any
analytic function G(z) and any zeroth-order streamline 2z, on which the length of
arc is denoted by 8,

g _gﬂ(g L By (%G (dx0+ dy, (dG
S, ~ ds )Ho s, (ay - as, )_

$olzo) dO( (29) |§0 2o)| dG(z,)
Igo %o l dzg  &olzo) dzy

When §; is taken to be the zeroth-order free streamline F, [characterized by
(16 a)], this shows that

(24)

i dQy, . d » . 4 .
§0(2F) sz = 7’3731? (In|8y(25") | +17arg Lo(z3)] = _dS§arg &o» (25)
which is a real quantity. Hence the second term on the left side of (21) becomes
dQ, Fl (4 N F
Rel(E), . ) - (@) e 0
so that (21) implies that
8ol8)
Fy ) 1_QF(F
I &) o) = Rzt — (= 01 ) (@)

Upon using (16a) and the relation {(2f') = dzf [dSF we find that (22) can be
rearranged to obtain

T [Gy(af) 1+ Im O () = 0. (28)
(1}
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Combining (27) and (28) now shows that

Re ﬁ-{. &z 3-Qf (z{f')]} +Im Qf () = 0, (29)
Co(2f) dag \i(dQ2[d2),rp
which becomes, upon differentiating by parts,
Im;ld—z[(%—ﬁ )d‘g] =0 for zon S¥. (30)
Finally, combining condition (12) with (16 ¢) shows that
Im Q(z¢) = 0 for z on solid boundaries. (31)

6. Flows in which a free streamline is present

6.1. Solution
First consider the case where there is a free streamline but the solid boundaries
consist only of straight-line segments. Then the zeroth-order problem can always
be solved by the Helmholtz—-Kirchhoff technique. We shall, for the most part, be
able to construct the first-order solution without considering the detailed pro-
perties of the zeroth-order solution. However, in order to express this solution in
explicit form, it is necessary to know certain features of the asymptotic behaviour
of the zeroth-order solution as 7'->co and T T} (see figure 2). By using the
methods given in Birkhoff & Zarantonello (1957, chap. IV) we can show that this
behaviour is completely determined by local conditions and will, therefore, be
the same for all flows under consideration. Thus, in particular, we can show that

ze~T, dz/dQy=0(%) as T—->ow (32)
and dz[dQy, = O(T -T), z~a+bT as T-T, (33)

In order to construct the first-order solution it is convenient first to transform
some of the boundary conditions in the physical plane in a certain manner which
is suggested by the form of the free-streamline condition (30). To this end notice
that (25) shows that ¢{5(z) d€2y(2)/dz is real on these boundaries. Hence the
boundary condition (31) on the solid boundaries may be written as

1 d

_ Imdi[—g—(ﬂli +k1i)] +Tm (Qf +F)

=Im— [dﬁ (QfF +k5F )] (34)

where the ki can be any real constants.

The boundary condition (23) along the slip line can also be written in terms of
the variable appearing in (30) and (34), by multiplying by dz/dQ, and differ-
entiating along the zeroth-order slip line to obtain

d Co(zo) d { dz§ 1
dz{dQ 0, [ @) - (z)]} = 216,65)] 355 \a0ED) G |2} for z on 5,
(35)
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where 8§ denotes the distance measured along the slip line. The derivatives on
the left may be taken with respect to z because the quantity in the braces is
analytic. This is not true for the quantity on the right side.

The boundary conditions (30), (34) and (35) (together with the appropriate
conditions at infinity) are just sufficient to determine the analytic functions Q;.
Since they are specified on the zeroth-order boundaries, they actually determine
Qi in the zeroth-order regions of flow. And since these regions are mapped into
the upper half 7' plane by the zeroth-order solutiont it is convenient to transform
the boundary-value problem into that plane. Then, since §,dz/dT is real on the
real T' axis (into which the free streamlines and solid boundaries are mapped), the
boundary conditions (30)—(35) show that the function

AXT) = g"ddT [ddé (QF — )] for Te2{, (36 a)
AT) = @
A(T) = g"dT [dQ Ql] for Te%y, (36d)

which is sectionally analytic in the upper half 7' plane cut along the zeroth-order
slip line &, satisfies the boundary conditions

AHTY—A—~(T)=T(T) for Te,, }
ImA(+i0)=0 for —w<§< +o0,
where we have put}

1 &(T) do(T) & Tde (1
2|§0 | a7 dSS[on(]§o TY[? 1)] for Te,. (38)

Now suppose that © is a sectionally analytic function which satisfies conditions
(37). Then, if w is any function which is analytic in the interior of the upper half-
plane and which is real on the real axis, the function ® 4+ w also satisfies the
boundary conditions (37). First, suppose that » has no singularities on the real
axis. Then the Schwartz reflexion principle shows that « has an analytic continua-
tion to the entire 7' plane and therefore has a Taylor series expansion about the
origin which has real coefficients. Thus w can be represented in the form

37)

I(T) =

% ¢, T™ with ¢, real.

n=0
If N = + o0, w has an essential singularity at 7' = + co; if ¥V is finite, w has a pole
of order N at 7' = +c0. It will be shown subsequently that the behaviour of  at
T = oo dictates that N be finite. On the other hand if @ does have singularities
on the real axis, the requirement that w be real there shows that they cannot be
branch points. Hence these singularities must be poles or perhaps essential
singularities. However, an investigation of the solutions shows that, if { is to be
bounded, the only singularity which can be allowed is a simple pole at the origin.

+ Then the function z = z(7'), which is the inverse of this mapping, is given by the zeroth-
order solution.

t The notation I'(7") is not meant to indicate that I"is an holomorphic (analytic) function
of T'. In fact T is defined only on %,
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Ficure 4. Path of integration in the 7' plane.

Upon using the fact thatt {,dz/dT is real on the real T’ axis we see that the
solution to the boundary-value problem (37) can be expressed as

A7
AT)=0D+ X ch”+a§0(T)di% for ReT > 0, (39)
n=0
where ¢,, and a are real constants and © is a sectionally analytic function which
vanishes at infinity, is bounded on the real axis and is a solution of the boundary-
value problem (37).

We shall first construct the function @. To this end let the reflexion of the
curve &, in the real axis be designated by &, (figure 4). The function I'(T),
defined on &, in the upper half-plane, can be extended to & by setting

[(T) =T(T) for Te%. (40)
It follows from conditions (32) and (33) that I'(T) vanishes like some power
(perhaps fractional) of 7' as T'— 00 and remains finite at the intersection of %,
with the real axis. It can also be shown that this intersection occurs at right angles
to the real axis. Then the Plemelj formulae (Muskhelishvili 1953, p. 42) show

that the Cauchy integral
1 ING))

27T’L. Fot+Fo =T

dr (41)

(where the integration is to be performed in the counterclockwise (positive)
direction along %y and %) is indeed a sectionally analytic function which is real
(and bounded) on the real axis, satisfies the jump condition in (37) and vanishes
at infinity. In fact, they show that
1
Ox(T) = + %I‘(T)+—Pf ) dr for TeSy+F, (42)
&

2mi e T=T

where P denotes the Cauchy principal value and the convention for the + super-
script is that used previously.

t+ Recall that the function z(T') is determined by the zeroth-order solution.
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The definition (36 @), when combined with (39), shows that for T e @y

d [ dz . N " dz
GT) 7| 76 (D)= =OD)+ 3 T ralyfz, 49
or, after integration, that

QT(T)=%+dQ°(T)[ Terdr | X fTT“dT

T L), G =) G

But using the estimates (32) and (33) and the fact that ©(T) = o(1) as T =0
(Gakhov 1966, §4.6) we find that the constants # and ¢, (n # 0) must vanish if
the function Q; (T') is to be bounded. Hence the first-order solution is given by

dQ, [ [T O(T) +¢q -
o) =+ 2| [, Sy tam s (%)
with @ determined by (38) and (41).

The constants a and ¢, can easily be determined in any specific problem by
requiring that Q; (7') remain bounded and that no new fluid be added to the
injected flow (continuity). A similar expression can easily be obtained for Q7.
In order to complete the solution it is necessary to calculate the positions of the
slip line and the free streamline.

+az(T) +ﬂ]. (44)

6.2. Derivation of boundary values
Multiplying (45) by {,dz[dT and integrating by parts shows that

"4 %dz~f 6

_ @+c0 T dz
_go(T)le rar— (®+co)dT—afTi§0ﬁ,dT

Ty

‘0 +
i if g - dTi [6o(T") = Lol T+ al2(T) &o(T) — 2(T2) Eol(T2)],
v (46)
where 7} is the image in the 7' plane of the initial point z§. Using (46) in equation

(A 4) (see appendix) with f(4,) taken equal to 3 —a shows that the position 2’ of
any streamline 4 is determined byt

7= z(T)—e{fTiGacodT——ng{(@-ch) T

(ool oo 7

The two bounding streamlines are the slip line and the free streamline. The initial
point 7}, on the slip line is 7} as may be verified by reference to figure 2. Then
putting 7, = 7} (46) with 2(7}) = 0 (as indicated in figure 1) shows that

T @+c 1
arT --
T €0 €0 )

zS=z(T)[1—ea]—e[ f (®+co)dT] for Te,.

(48)

1 2(T) with T €4, gives the location in the physical plane of the zeroth-order streamline 4,.
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The zeroth-order free streamline maps into the real 7 axis. We can suppose
without loss of generality that it occupies the region £ > A for some constant
A > 0. Then

. ) T
2F = 2(A)+[2(T) — 2(A)] (1 —€ea -e{f +c°dT— (T)L (O®+cy)dT

+[az(A)+f:l®g)c°dT][1—-§-(‘:i—))]} for T =£+10, £>A. (49)

It follows from (5), (13), (17), (45) and (48) that the velocity of the injected
flow at the slip line is given by

e dQyT) (T
T g ()le(®+c0)dT} for TeS, (50)

which shows that the slip-line pressure coefficient, defined by
Cps = [Po—P(xs, ys)1[3P V% = [£H(25)]%,

¢HIT) = &y(T) {1+ I

is given by

Ops=l€o(T)12{1+e+2eR[ 1 dQy(T)

&(T) dz(T)

The distance 8 measured along the slip line § is

$=nf,[m

But by using (48) and (50) and recognizing that 1 — {*+/¢, is O(e), it can be shown
that

f (@+¢ )dT:” for Te¥, (51)

[dT| for Te,. (52)

dz8  dz§ &,

dT — dT §+[1+€(%—a)]+0(62).

dzo €0 Zo

Hence "ES[" =[1+6(}—-a ]f ]dT| for Te%,. (53)

7. Flows with no free streamline
7.1. Solution

When the flow has no free streamlines, the injected flow is bounded only by slip
lines and solid boundaries. The boundary conditions are, therefore, given by (23)
and (31). In this case it is no longer necessary to require the solid boundaries to be
straight-line segments. In order to find a representation of the flow in terms of a
Cauchy integral we now define a sectionally analytic function @(7') in the T
plane by

Ty = {®+(T) = Qf (TY—-% for Te@b",} (54)

O~(T)= Q7 (T) for TeZj;.
Then on the transformed slip line(s) &, the boundary condition is
®+(T)—®—(T =1(T) for Teyo,
where now = 3[|&(T)| 2 - (55)
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Moreover, since the real axis is now the image of the solid boundaries it follows
from (12) and (16) that
ImO@+H7T)=0 for Im7T =0.

Again, let T'(T) be continued into the lower half-plane according to (40) and
define the reflexion of %, in the real axis to be &;. Then the solution ®(T) (which
is everywhere bounded) is simply given by (41).

7.2. Derivation of boundary values

The position of the slip line is obtained by substituting (54) into (A 4) with f(4,)
set equal to }:
ST = oT) o [* 0D 6T BAT for Tes (56)
&(T) J * T "
Combination of (5), (17), (54) and (56) shows that the pressure coefficient along
the slip line is

Cps = |EH(9)|* = [&(T)|?

T
x{1+e+2eRe[®+(T)— ! dQ“f dz

S
ma—éog Tl®+(T)§0(T)d-—q%dT:|} for TE(S;’%

The distance along the slip line is again given by (53) with o now set to zero.

8. Examples

In this section we present some examples of interpenetrating flows which were
chosen to illustrate the following three more or less representative configurations:
a jet penetrating a stream while attached to a downstream wall, a jet penetrating a
stream with a stagnation region on its downstream side, and a jet having flowing
streams on either side.

8.1. A separated jet

As a first application of the general procedure consider the separated jet shown
in the dimensionless physical plane in figure 5 (@). The upstream and downstream
walls are horizontal plates of infinitesimal thickness (Goldstein & Braun 1969a).
The zeroth-order solution (no difference in total pressure between jet and stream)
was essentially obtained by Ehrich (1953). The potential, hodograph and
T planes are shown in figures 5 (b), (¢) and (d), respectively, where corresponding
points are designated by the same numbers as in the z plane (figure 5a). The
zeroth-order ‘slip line’ is shown dashed in these figures since it does not corre-
spond to a line of discontinuity and can, therefore, be ignored as far as obtaining
the zeroth-order solution is concerned. Simple applications of the Schwarz-
Christoffel and linear fractional transformations (Churchill 1960, §§ 34 and 92)
show that the mappings which properly transform the zeroth-order wt and §
planes into the upper half 7' plane are

wy =7 T +14+InT)—1 (58)
and &, = [T — 20 — 2iA¥(T — AYHT. (59)
+ w, denotes the zeroth-order complex potential related to §, by &, = dw,/dz.
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FrcurE 5. Separated jet in (@) physical (z) plane, (b) zeroth-order complex-potential (w,)
plane, (c¢) zeroth-order hodograph (¢,) plane and (d) intermediate (7") plane.

The mapping from the 7 plane on to the z plane is given by

(60)

where by definition 2z(A) = e+t = (4 +4B)/H; and the dimensionless co-
ordinates of the downstream lip are given by

1+A)E A2
a :71—7[3(A+ 1)+(2A—1)ln(£——j——A)—%—) +6A%‘(1+A)%}
and b=2(2A-1).

It follows from figure 5 (b) that the zeroth-order slip line is determined by
Imwy =0, Rew,> 0.
Hence, upon using (58), we find that T'e.%, whenever
T =—nettfsing, 0<y <. (61)
Moreover figure 2 shows that the zeroth-order free streamline is determined by
T=£>A. (62)

By substituting (61) and (62) into (60) we can calculate, respectively, the position
z5 of Sy and the position z{" of F,.
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In order to obtain the first-order solution it is first necessary to evaluate the
constants o and ¢, appearing in (45).

With no loss of generality we can choose the lower limit of the integral in (45)
to be T} = — 1. Then, since d€Q,/dz is infinite at T = A, Qf (T') will be bounded at

this point only if
A OdT A 4T
f—l_—_——go(T) +6f \OT )+zxz(A) 0. (63)

We can relate the constant « to the first-order thickness of the jet &, by
equating the mass flow through the orifice to the mass flow far out in the jet. The
(dimensionless) flow through the orifice is

dz(T)

Q = —Tm f ey L) g, (64a)

Far downstream the velocity of the jet is real and uniform, so that its magnitude
may be obtained from (8) while the jet width is given by the expansion (13).
Hence an alternative expression for the flow is

Q=01+e}(L+ehb +...). (64b)
Introducing (5) and (13) into (64) and equating the two expressions for ¢ shows

that
=0 ) Z8 4 = + (65)
and ~m f " amete) fl(g)d’l’z—;—+h1. (66)

The first of these relations is just a result of the scaling in the zeroth-order
problem. Upon introducing (64 a), (65) and (66) into (46) (with T,= T; = — 1) and
recalling that @(7') is real on the real axis we find that
o =—h. (67)
We now return to the problem of solving (63) for & and ¢,, or in view of (67), for
h, and c,. Substituting (59), (60) and (67) into (63) shows that

fA T — 2A + 2ANT — AY (1+A)5~Aé)2

-1 T At

+4AK(1 JFA)%]—’;‘Tl[:-;(A+1)+(2A~ 1)In (Q-JE-AA—)i—'-‘—A—’})z +6AE(1 +A)1}]

+4imAcy — 2ihy(2A — 1) = 0.

@(T)dT+co[A+1+2Aln(

But
A T —2A+2IAHT — A)?
1 T

o(T)dT

A

_ ®(§)d§~2A%fA Ab—1—§(T — A}
-1

-1 T

Q(T)dT.

In view of the singularity in the denominator, the second integral must first be
carried out over the path shown in figure 6, and then the limit § — 0 can be taken.
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Ficure 6. Path of integration for f AT AR

O(T)dT in T plane.
-1 T

After performing this operation and taking the real and imaginary parts of the
resulting expression we find that

| ® o) d-2aip [ : éfiigii-gl*@<g)dg oA+ 1+ 4AK(1 + AYY]
-1 -1

F_Ah2
_%[A+1+2Ai(1+A)%]+{c02A~%1(2A_1)]1n((1+__A_)___A_) —o

At
and 2mAcy - Ry (2A — 1) + 27A0(0) = 0.
Finally, upon eliminating ¢, between these two equations we find that
—27A A AL (A6
= é —_—
b (A+1)[4A+1+4A%(A+1)1}]!2A Pf_l z O8)dE
A 3 _Ad\2
——f Q&) dE + {A +1+2AIn ((—li%%——i\—) +4A%(1 +A)%] @(O)} (68)
-1
2A—1
and Co = —(-—27-T—A—)k1—®(0). (69)

With the constants « and ¢, now determined by (67)—(69) it is possible to calcu-
late Qf by quadrature from (38), (40), (41), (45), (59) and (61) and hence to obtain
the slip-line position from (48) and (59)—(61) and the free-streamline position
from (49), (59), (60) and (62). If T is on &, +F equation (42) with the plus sign
(since T approaches the contour from within #¢) must be used in place of (41) to
calculate @(7"). The pressure coefficient and distance along the slip line are given
by (51) and (53).

The shapes of the jet boundaries for various values of the parameters ¢ and B/ A4
are shown in figures 7-9. As the total pressure in the jet increases above the
ambient value, the volume occupied by the jet increases. This is due to the fact
that the uppermost streamline rises more than the lowermost. This effect is most
evident in figure 7, which corresponds to a jet injected normal to the mainstream
(B = 0). When the orifice angle tan—! B/ 4 is greater than or equal to zero, a small
change in the total pressure within the jet results in a large change in both the
jet penetration and jet thickness. This effect becomes more pronounced as the
orifice angle is increased. In fact, it becomes so pronounced that it is felt that the
analysis may not be valid for orifice angles larger than 45°. Figure 8 shows that,
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FIGURE 8. Separated-jet contour for an orifice offset ratio B4 = — 2.
——— €= 0; , € =03,

for sufficiently large negative values of the orifice angle, changes in the total
pressure within the jet have almost no effect on the jet penetration or on the
jet thickness. Although the scale of the figures is too small to show this, the
numerical results do show that the jet always leaves the wall in a tangential
direction.

The ratio of the jet width at large distances downstream to the distance from
lip to lip across the orifice is defined as the contraction ratio. Its variation with
orifice angle is shown in figure 10. It is apparent that turning the jet into the
mainstream tends markedly to decrease the contraction ratio, signifying that
there is a decrease in the flow within the jet. The indications are, however, that
a slight increase in the total pressure in the jet can easily compensate for this
decreased flow. The jet penetration also increases with increasing orifice angle.

The slip-line pressure coefficient is shown in figures 11 (a)—(d). Each figure is for
a different orifice angle. These curves contain all the information necessary for
calculating the viscous boundary layer along the slip line. They show that the
velocity within the jet at the upstream edge of the orifice decreases with both

32 FLM 70
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Fieure 10. Jet contraction ratio for a separated jet.

increasing orifice angle and decreasing €. It can also be seen from these curves that
the pressure coefficient nearly achieves its asymptotic value in a distance of 10 jet

diameters downstream.
8.2. An attached jet

As a second example consider a jet attached to the downstream wall (Goldstein &
Braun 19695). The (dimensionless) z plane is shown in figure 12 (a). The zeroth-
order 7' plane is the same as that shown in figure 5(d) and the zeroth-order
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Ficure 13. Dependence of orifice angle on the parameter A.

hodograph plane is shown in figure 12 (b). The zeroth-order potential plane and
hodograph plane are transformed to the 7' plane by (58) and by

L=T[T-4), n>0. (70)
The physical plane is mapped into the T plane by

z(T)=%[T+(1—A)ln§+%—(1+A)]+a+ib, (71)

where, by definition,

#A) = (A +iB)[H, = a+ib
= (1~ A)In A+ 2(1 + A)] +4(A—1).

As in the previous example %, (the zeroth-order slip line in the 7' plane) is
determined by (61). The function ® can now be calculated by substituting (40},
(55), (61) and (70)into (41) [or (42)if 7' is on#,] and carrying out the integration.
The slip-line position and pressure coefficient can then be obtained by substitu-
ting this expression along with (70) into (56) and (57), respectively, and carrying
out the quadratures. The distance along the slip line is obtained in a similar way
from (53).

The agymptotic jet thickness can be found by equating the mass flow through
the orifice [calculated from (64a)] to the mass flow far downsteam in the jet
[calculated from (64 5)] to obtain £, = ®*(0). Then upon using the results of this
section to evaluate @+(0) we find that

Si (2m)

h=1+ehy =1+ -

eA(l +-§) =1 +O-4514eA(1 +§),

where Si is the sine integral. The parameter A is related to the orifice angle in the
manner shown in figure 13.



Inviscid interpenetration of two streams 501

12 =
R ok
Iy 1-0
§ o8-
unl
<)
g 06
g
g
S o4
]
3
=
3
&)
]
-3 3
Orifice angle, tan—! B/A
Fieure 14. Jet contraction ratio.
e =02
rop @ 03
—-01
0-50 = —0-2 ¢
_0.10 i —— | S | i = ; S ]
g €=04.
— 0 2 .
M 080 - @ 0,
£ =0-23 0
g =0 0 N
4 020F e—
8
8 —040 .
2
'g —1-00 1 1 1 I 1 1 T I I [}
.2
w
é 170 © e =005,
A —0:05 %
[ 1-10 F Pﬁ
050 =
—0-10 ) T ) I | 1 1 1 1 J

—200 —1-40 —-0-80-0-20 040 100 160 220 280 340 401
Dimensionless co-ordinate, X [H,

Fioure 15. Attached-jet contours for various orifice offset ratios and values of e.
(@) B]4A = 0. (b) B]4 = —3%. (¢) B]4 = 3%

The jet contraction ratio kf(a®+b?)? is plotted in figure 14 and the shapes of
the jet boundaries for various values of the parameters ¢ and B[4 are shown in
figure 15. Figure 15 (a) corresponds to a jet injected normal to the mainstream
(B = 0), figure 15(b) to negative orifice angles (i.e. jets injected downstream)
and figure 15(c) to positive orifice angles (i.e. jets injected upstream). The
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configuration shown in figure 15 (c) may be strongly modified by viscous effects.
Figures 15 (a) and (c) show that small changes in the jet’s total pressure result
in quite large changes in both the jet penetration and jet thickness, when-
ever the orifice angle is greater than zero. This effect becomes more pronounced
as the orifice angle is increased.

The numerical results show that the rate of change of the jet penetration
distance with the total-pressure difference ¢ can be approximated by an expo-
nential function of the form ae®, where v is the orifice angle tan—! B/A4. This
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relation holds for both the separated and attached jets. At X = 3-4H,, bis approxi-
mately 1-5 for both types of jet. This shows that in both cases the sensitivity of
the penetration distance to the dimensionless total pressure difference € is a very
strong function of the orifice angle. The figures also show that turning the jet into
the mainstream tends markedly to decrease the flow in the jet. The extreme
sensitivity of the flow configuration to € at large positive orifice angles indicates
that the perturbation analysis will eventually break down when the orifice angle
gets large enough. ‘

The results of the pressure-coefficient calculations are shown in figure 16.
Each figure is for a different orifice angle. These curves contain all the information
necessary for calculating the viscous boundary layer along the slip line. They
show that the velocity at both the upstream edge of the orifice and at the down-
stream end of the slip line increases with increasing e provided that the orifice
angle remains constant. For negative orifice angles the velocity tends to be
relatively constant along the slip line, exhibiting a slight dip at the upstream
edge of the orifice. As the orifice angle is increased towards zero the variation of
the velocity along the slip line becomes more pronounced. For non-negative
values of the orifice angle there is a definite peak in the velocity profiles which
becomes more marked as the angle is increased. We attribute this to the fact that
the velocity is infinite at the downstream edge of the orifice. Since this point
moves closer to the slip line as the orifice angle is increased, it is natural that the
velocity along the slip line should become more peaked with increasing orifice
angle.

8.3. A jet injected between two streams

There are various situations of techinological interest where a stream of fluid is
injected into the midst of a moving flow. This occurs, for example, when water
discharges into a river, when gas is blown from an exhaust into the wind or when
gaseous fuel is injected into a stream of oxidant. The dimensionless physical plane
for such a configuration is shown in figure 17 (@) (Goldstein & Siegel 1972). The
injected flow can turn and either contract or expand as it meets the mainstream.
Since this example is similar to the preceding one we shall merely indicate the
results.

The intermediate 7' plane is chosen in the manner indicated in figure 17 (b),
the curves L and SV being the images of the zeroth-order slip lines S and
S respectively.

The mapyping of the zeroth-order hodograph plane into the upper half 7" plane is

~ (L+7\ 5= 1y
go_(T—H) for >20; &=1/y%
where 771 is the deflexion angle of the flap and ¢ = A/H, is the ratio of the nozzle
width to the zeroth-order asymptotic jet width. The points in the physical plane
are related to the points in the 7 plane by

_ 1 T T+ INMT +y5) (T —vs)
=M = ﬂyayef-l(’l’w) T a7,
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F1GURE 17. (@) Flow geometry and nomenclature and (b) intermediate (7) plane (shown for
Ve > 7v,) for a jet between two moving streams.

where y5 = (B3 +7)/(Bs+ 1) and ys = (B —)/(1 —f) while Sy, f; and 'y are related
to the dimensionless lengths [ = L/H, and r = ‘R/H,O (shown in figure 17a) by

(v~ Bs) (v +B5) [1 =0 = Ay ~1)] = JAA+1) (y = 1) (B + 1) (Bs— 1) = Aly — 1),
_ (1—y)® ﬂ‘i(ﬂ:;"'a')(a'—ﬂs)
" By (ﬂs’?’)Pfo P e i=ar
- (t—7)?® b1 (Bs— )T+ f)
wnd T o 7 GG
The curves &P and S0 (appropriately extended into the lower half-plane) are

given parametrically by

(TO(w) with —w, <o <o,
for Te.¥D
T=:{THw) with o,>w>4ir, —Ir>0w>z-0, or Tedy }
T®(w) with —}r<w<ir for TeS§v
for ys>7vs

1 The curves are traversed in a positive (clockwise) direction as w changes from the left- to

the right-hand limit in the inequalities.
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)

X/A

F1aure 18. Jet slip-line boundaries for outlet with 60° plate deflexion angle;
R/A = 1. (a) L/A =1. (b) L/A =2,

and
{T(l)(a)) with —jr<w<in for TeSP
T = {T®w) with -—o, <w<w, (II)}
T w) with w,zw>%r, —-m>w2z-w, for Tesy
for v4 < vs,

where T®(w) = 4[ye— Vs +(— 1)¥((ve—73)* + 4¥5Vs0 cot w)t] (1 +itanw) and v,
is the solution of the transcendental equation (yg— v;)*tan w,, + 43w, = 0 for
w,, > 0. The physical location of the slip lines S and SID can now be calculated
by using these results in (40), (41), (565) and (56) in the manner indicated
in §8.2

Figure 18 shows the slip lines for positive values of the angle 7A and various
values of the total-pressure difference parameter €. As ¢ is increased, the total
pressure in the jet increases above that in the stream. This produces two effects
on the slip-line configuration: first the jet width expands; and second the jet
deflexion tends to persist over a longer path, that is, it is more difficult for the
outer stream to turn the jet into the horizontal direction.

Results for negative A are shown in figure 19. Their validity depends upon the
flow remaining attached to the upper boundary by means of the Coanda effect —
which can be promoted by boundary-layer control. The contraction ratio H,/A is
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Ficure 19. Jet slip-line boundaries for zero orifice offset distance (RfA = 0)
and a plate deflexion angle of —60°. (a) LJA = 1. (b) L|A = 2.

larger than unity in this instance as the flap is expanding the jet by virtue of the
attachment of the upper jet streamline. When e is increased, the width of the jet
tends to expand and its path becomes more horizontal.

9. Conclusions

The theory of sectionally analytic functions provides a method for extending
the classical analysis of inviscid interpenetrating streams to situations where
there is a small difference in total pressure. Calculations of specific examples
show that the sensitivity of the jet width and penetration to the pressure differ-
ence is strongly dependent upon the angle at which the orifice or nozzle is
positioned.

The authors are indebted to Miss Jean Healy for carrying out the numerical
computations. Some of the results in this paper were given in a preliminary form
in several N.A.S.A. reports (Goldstein & Braun 1969a,b; Goldstein & Siegel
1972).
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Appendix
Let s denote any streamline whose zeroth-order position isd,. Then we can put

the points z¢ on 4 into one-to-one correspondence with the points z3 of 4, in such
a way that 2z — 23 = O(¢) using the relation

Re {{H(2%) dz9} = [1 +€f(4,)] Re {&o(23) dzg}, (A1)
where f(4,) is an arbitrary, monotonically increasing, real function of the arc
length 4.

The condition that the velocity and arc element are parallel, both on the
streamline 4 and the zeroth-order streamline 4, is

Im {{H(z%) d2%} = Tm {{,(2§) dz3} = 0. (A 2)
The sum of (A 1) and (A 2) yields
EH) d2’ = [1 +f(d0)1 &y(25) dg- (A 3)

On the left side of (A 3) we introduce an expansion of the type (17) or (18) as well
as the expansion dz? = dz§ + edz{ to show that

[0(8021)/020123 = Col25) [f(40) — Qf (29)].

Integration from a point z = z¢ at which 2 = 0 yields

# = et = drprs [ Gl o - 9 G4, (Ae)
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